The use of the finite topology on endomorphism rings  by May, Warren
Journal of Pure and Applied Algebra 163 (2001) 107–117
www.elsevier.com/locate/jpaa
The use of the %nite topology on endomorphism rings
Warren May
Department of Mathematics, University of Arizona, Tucson, AZ 85721, USA
Received 17 December 1999; received in revised form 27 June 2000
Communicated by A. Blass
Abstract
Modules over a discrete valuation domain are considered. We investigate the extent to which
the %nite topology on their endomorphism rings has signi%cance for two applications. c© 2001
Elsevier Science B.V. All rights reserved.
MSC: Primary 20K30; 20K21; 16S50
1. Introduction
To examine the role of the %nite topology in certain questions about endomorphism
algebras, we shall con%ne our attention to modules over a discrete valuation domain
denoted by R. If A and B are two R-modules, then the %nite topology on HomR(A; B)
has a subbase at 0 consisting, for each element of A, of the homomorphisms vanishing
on that element. Any topology referred to will be the %nite topology unless otherwise
stated, and all isomorphisms of R-algebras will be algebra isomorphisms. The classic
theorem of Baer and Kaplansky states that isomorphism of the endomorphism algebras
of two torsion modules implies isomorphism of the modules. In this theorem, the %nite
topology has no part, however, Fuchs [8] remarks that “some generalization is expected
to hold if the endomorphism rings are furnished with the %nite topology”. The %rst goal
of this paper is to examine to what extent the %nite topology aAords an isomorphism
theorem that would not exist in the nontopological setting. In the important case that
R is complete, the theorems of Baer and Kaplansky and of Wolfson [13] conveniently
lend themselves to a single topological formulation.
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Theorem. Assume that R is complete. If M is either a torsion module or a torsion-free
module; then every topological isomorphism of EndR M with EndR N is induced by an
isomorphism of M with N .
Note that we need not make assumptions on N since the topologies on the endo-
morphism rings force N to be of the same type as M . It is now clear that we must
consider mixed modules. In order to take advantage of this situation, we shall give spe-
cial prominence to the homomorphisms into torsion. To this purpose, we shall de%ne a
natural “hull” M˜ for every reduced module M which has a nonzero torsion submodule.
We can then prove a weak isomorphism theorem.
Theorem 1. Let M be a reduced module with nonzero torsion submodule. Assume
that M is divisible modulo torsion. Then every topological isomorphism of EndRM
with EndR N is induced by an isomorphism of M˜ with N˜ . If R is complete; then the
assumption that M be divisible modulo torsion is unnecessary.
If R is complete, then a suitable hypothesis on M allows the hulls to be replaced
by the modules.
Theorem 2. Assume that R is complete and that M is a reduced module. Let  :
EndR M → EndR N be a topological isomorphism.
(1) If the 5rst Ulm submodule M 1 is a cotorsion module; then  is induced by an
injection of N into M .
(2) If M 1 is a cotorsion module; then every topological automorphism of EndR M is
inner.
(3) If M 1 has bounded torsion and 5nite torsion-free rank; then  is induced by an
isomorphism of N with M . In particular; this is true if M 1 = 0.
If the isomorphism of the endomorphism algebras is not topological, then Theorem 2
fails by straightforward examples. Moreover, we shall see that the condition on M 1 in
(3) is, in a sense, the best possible for such a topological isomorphism theorem (see
Proposition 1).
The second topic we consider is use of the %nite topology in representing an algebra
as an endomorphism algebra. Corner [1,2] employed the %nite topology in completing
the characterization of endomorphism rings of countable reduced torsion-free abelian
groups (also see [4,5,7]). In another application, Liebert [10–12] determined which
rings are endomorphism rings of torsion modules which are separable or totally pro-
jective. In Liebert’s work, an “intrinsic” topology is de%ned on a ring, which becomes
the %nite topology in the particular case of the endomorphism algebra of a (reasonable)
torsion module. The torsion module itself is obtained from the algebra by a series of
conditions involving indecomposable bounded idempotents. To show that every alge-
bra element corresponds to an endomorphism, the hypothesis of completeness in the
intrinsic topology is required.
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Since it seems hopeless to characterize the endomorphism algebras of arbitrary
torsion modules, we propose asking a modi%ed question. Suppose we consider only
the very special class of algebras isomorphic to endomorphism algebras of arbitrary
R-modules. Can those algebras which are isomorphic to endomorphism algebras of
(reasonable) torsion modules be characterized solely by completeness in the intrin-
sic topology? The theorems of Liebert immediately imply that this is true for torsion
modules T which are either separable or totally projective since the conditions involv-
ing bounded idempotents will obviously be satis%ed. We generalize this somewhat by
proving
Theorem 3. Let T be a torsion module of length . Assume that T is an isotype
submodule of a module S such that S=pS is totally projective for every ordinal 
with +! ≤ : (Note that this applies if T is isotype in a totally projective module;
or if ¡!2; in particular; if T is separable.) If M has torsion submodule isomorphic
to T and EndR M is complete in the intrinsic topology; then EndR M is isomorphic to
EndRT .
The general answer to the question, however, is negative. In Proposition 2, we shall
give a module of torsion-free rank one such that EndR M is complete in the intrinsic
topology, but is not isomorphic to EndRT for any torsion module T . In addition, this
module has the further property that EndR M has an outer topological automorphism.
Consequently, a query that Kaplansky touched on in [9] has a negative answer even if
the %nite topology is invoked.
2. The hull M˜
Let the discrete valuation domain R have prime element p, completion Rˆ, and quo-
tient %eld Q. All modules will be R-modules and all homomorphisms R-homomorphisms,
thus we shall suppress the subscript R where it is commonly used. A suitable general
reference for all unde%ned terms is [8]. If M is a reduced module, we denote the co-
torsion hull of M by M•=Ext1(Q=R;M). For every reduced module M with nontrivial
torsion submodule, we now de%ne and show the existence of a module we denote
by M˜ .
Lemma 1. Let M be a reduced module with nontrivial torsion submodule T .
(1) There exist maximal reduced modules M˜ ⊇M with torsion submodule T such
that the induced map Hom(M˜ ; T ) → Hom(M; T ) is a topological isomorphism.
Any two such maximal modules are isomorphic by a unique isomorphism which
is the identity on M .
(2) M˜ is an Rˆ-module; M˜ =M is torsion-free divisible; and we may regard M˜ as a
unique submodule of M•.
(3) Every  ∈ EndM extends uniquely to ˜ ∈ EndM˜ ; in fact; ˜ is the restriction to
M˜ of the unique extension of  to • ∈ EndM•.
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Proof. First we de%ne two properties for a reduced module M ′⊇M with torsion sub-
module T .
(?M ′) The induced map Hom(M ′; T )→ Hom(M; T ) is a topological isomorphism.
(??M ′) For every x ∈ M ′, there exist %nitely many elements y1; : : : ; yn ∈ M such that
′(x)= 0 for every ′ ∈ Hom(M ′; T •) such that ′(M)⊆T and ′(yi)= 0 for
1 ≤ i ≤ n.
We claim that (?M ′) holds if and only if M ′=M is torsion-free divisible and (??M ′)
holds. Assume that (?M ′) holds. If M ′=M is not divisible, there is some nonzero
 ∈ Hom(M ′; T ) whose restriction to M is zero. Thus M ′=M must be divisible. Now
suppose there exists x ∈ M ′ \ M such that px ∈ M . The height sequence of px in
M must be 0; 1; 2; : : : ; otherwise M ′ \M would contain a torsion element, contrary to
both modules having the same torsion. Since T is reduced and nontrivial, there is a
map  :M → T such that (px) has height 0. This  cannot be extended to M ′, a
contradiction showing that M ′=M must be torsion free. The condition (??M ′) follows
immediately from the topological isomorphism by observing that ′ restricted to M
has an extension in Hom(M ′; T ) which must be ′ since M ′=M is divisible and T • is
reduced.
For the converse claim, M ′=M being divisible implies that the map in (?M ′) is
injective since T is reduced. Recall that M ′ reduced and M ′=M torsion-free divisible
means that there is a unique embedding of M ′ into M• which is the identity on M .
We now regard M ⊆M ′⊆M•. To check the surjectivity in (?M ′), let  ∈ Hom(M; T ).
Then  extends to • :M• → T •. If x ∈ M ′, then we may obtain y1; : : : ; yn ∈ M
satisfying (??M ′). There is a positive integer k such that pk(yi) = 0 for 1 ≤ i ≤ n.
If ′ is the restriction of pk• to M ′, then (??M ′) implies that ′(x) = 0, hence
•(x) ∈ T . Consequently, • restricted to M ′ is the desired extension of .
We now de%ne M˜ to be the sum of all submodules M ′ of M• such that M ′⊇M
and (?M ′) is satis%ed. Then M˜ =M is divisible, and is torsion free since M•=M is
torsion-free. Moreover, the condition (??M ′) for these M ′ implies (??M˜), thus (?M˜)
holds. We now have a unique maximal submodule M˜ in M•, and the unique embedding
property into M• shows that any two maximal modules are isomorphic by a unique
isomorphism which is the identity on M . We have shown all of (1) and (2) except
that M˜ is an Rˆ-module. But M• is an Rˆ-module, and if M ′ is the Rˆ-submodule of M•
generated by M˜ , then M ′=M is torsion-free, and is divisible since Rˆ=R is divisible. The
condition (??M ′) holds since the homomorphisms ′ are Rˆ-homomorphisms. Thus, we
have M ′ = M˜ by maximality.
For (3), the only veri%cation needed is that •(M˜)⊆ M˜ . Let x ∈ M˜ . Putting M ′ =
•(M˜) +M , it suNces to show that condition (??M ′) holds for •(x). This is easily
done by applying (??M˜) to ′ ◦ • for ′ ∈ Hom(M ′; T •).
3. Proofs of the theorems
The %rst lemma we need is straightforward.
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Lemma 2. Let M =A⊕A′ and B⊆M . The embedding Hom(A; B)→ EndM obtained
by extending homomorphisms to be trivial on A′ is a topological embedding.
We now prove Theorem 1. Let T denote the torsion submodule of M and let
 :EndM → EndN be an isomorphism. We %rst suppose that R is complete and
that M=T is not divisible. Then M has a direct summand isomorphic to R, and the
corresponding summand of N via  is also isomorphic to R by Lemma 2 since EndR
and End(Q=R) are topologically distinct. One can now show by standard techniques
(see [9, Exercise 97]) that  is induced by an isomorphism of M with N , thus by one
of M˜ with N˜ .
We may now assume that M=T is divisible, but R need not be complete. Again by
Lemma 2, N is reduced and Kaplansky’s method may be applied to obtain an isomor-
phism ’ :T → T (N ) such that we have ()|T (N ) ◦ ’= ’ ◦ |T for every  ∈ EndM .
Since M=T is divisible, we have Hom(M=T;M)=0. Consequently, Hom(N=T (N ); N )=0,
thus N=T (N ) is divisible since T (N ) is nontrivial. We now see that we may regard
M˜ ⊆M•=T • and N˜ ⊆N •=T (N )•. Moreover, ’ extends to an isomorphism ’• :T • →
T (N )•. Since endomorphisms of T • and T (N )• are determined by their restrictions to
torsion, we obtain the formula ()• ◦’•=’• ◦ • for every  ∈ EndM . By symme-
try in applying Kaplansky’s method, the theorem will be proved if we can show that
’•(M˜)⊆ N˜ .
Put N ′ = ’•(M˜) + N . Since M=T is divisible, so is N ′=N , thus we only need to
verify condition (??N ′) (see proof of Lemma 1) for ’•(x); x ∈ M˜ . We claim that
(Hom(M; T ))=Hom(N; T (N )). It is easy to show that Hom(M; T ) consists of all  ∈
EndM such that the sequence pk(k ≥ 0) approaches 0 in the topology. Since  is a
topological isomorphism, the claim follows. By (??M˜), we may choose y1; : : : ; yn ∈ M
such that •(x) = 0 if  ∈ Hom(M; T ) such that (yi) = 0 for all i. By the topological
isomorphism, there exist y′1; : : : ; y
′
m ∈ N such that if ′ ∈ Hom(N; T (N )) such that
′(y′j) = 0 for all j, then 
′ = () for some  ∈ Hom(M; T ) such that (yi) = 0 for
all i. But then •(x) = 0, hence (′)•(’•(x)) = ()•(’•(x)) = ’•(•(x)) = 0. This
veri%es (??N ′) and %nishes the proof of Theorem 1.
Before proving Theorem 2, we need conditions under which M˜ =M .
Lemma 3. Assume that R is complete and let M be a reduced module with unbounded
torsion. If M 1 is a cotorsion module; then M˜ =M .
Proof. Suppose that there exists an element x ∈ M˜ \ (M˜ 1 + M). Let y1; : : : ; yn ∈ M
come from condition (??M˜) in Lemma 1, and put A= M˜
1
+ 〈y1; : : : ; yn〉⊆ M˜ . Since R
is complete, A is a nice submodule of M˜ . Clearly, (x+ A)∩ M˜ 1 = ∅, hence the height
of x+ A in M˜ =A is a nonnegative integer k. If T is the torsion submodule of M , then
there is a composition  : M˜ → M˜ =A → (M˜ =A)=pk+1(M˜ =A) → T such that (yi) = 0
for every i, but (x) = 0. This contradiction to (??M˜) shows that M˜ ⊆ M˜ 1 +M . Thus
M˜ = M˜
1
+M , and since M is isotype in M˜ , we have that M˜
1
=M 1 is isomorphic to
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M˜ =M , which is torsion-free divisible. But M 1 is cotorsion and M˜
1
is reduced, conse-
quently M˜
1
=M 1, thus M˜ =M .
We now prove Theorem 2. In the case that M has bounded torsion, Kaplansky’s
method can be applied since either both M and N are torsion modules, or else there
are corresponding summands of each which are isomorphic to R. Consequently,  will
be induced by an isomorphism of M with N . Therefore, we may assume that M has
unbounded torsion. By Theorem 1,  is induced by an isomorphism ’˜ : M˜ → N˜ . By
the lemma, M˜ =M , thus ’˜−1|N :N → M is an injection which induces . In the case
of (2), we have ’˜ :M → M inducing . With the stronger hypothesis of (3), we see
that N 1 is cotorsion since it is isomorphic to a submodule of M 1. Thus N˜ = N and
’˜ :M → N induces . The proof of Theorem 2 is complete.
In preparation for Theorem 3, we de%ne the intrinsic topology on an R-algebra S
to have a subbase at 0 consisting of left annihilators of elements of the left ideal of S
generated by the indecomposable bounded idempotents of S. For a torsion module T
which is not the direct sum of a bounded module and a nontrivial divisible module,
the intrinsic topology on EndT is precisely the %nite topology and is thus a complete
topology. We need one lemma before proceeding.
Lemma 4. Let M have torsion submodule T and assume that EndM is Hausdor< in
the intrinsic topology.
(1) The restriction ’ :EndM → EndT is injective.
(2) (EndT )=’(EndM) is a torsion-free R-module.
(3) The intrinsic topology on EndM is induced by the 5nite topology on EndT .
Proof. We have the exact sequence 0 → Hom(M=T;M) → EndM → EndT →
Ext(M=T;M). If  ∈ EndM and (T ) = 0, then  clearly lies in every neighbor-
hood of 0 in the intrinsic topology on EndM , hence Hom(M=T;M) = 0, showing
(1). We may assume that M is nontrivial, thus T is nontrivial by (1). But then
Hom(M=T;M)=0 implies that M=T is divisible torsion-free. Consequently, Ext(M=T;M)
is torsion-free and (2) is shown. To prove (3), we need to show that every cyclic sub-
module of T is the image of some "#, where " ∈ EndM and # is an indecomposable
bounded idempotent in EndM . This will be true unless T is the direct sum of a
bounded and a nontrivial divisible torsion module. But then, EndM is not HausdorA
in such a case since some multiple of the identity by pk will be in every neighborhood
of 0.
To prove Theorem 3, let M have torsion submodule T of length . By (1) of
Lemma 4, we must show that if  ∈ EndT , then  extends to an endomorphism of
M . We shall prove by induction on $ that if (p$T ) = 0, then  extends to M . The
theorem will follow by taking $ = . The case $ = 0 is trivial, therefore suppose that
$= + 1 and that the statement is true for . Then (p)(pT ) = 0, hence p extends
to M by induction, and (2) of Lemma 4 implies that  extends to M .
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We may now assume that $ is a limit ordinal with $ ≤ . Let F be a %nitely
generated submodule of T . By (3) of Lemma 4, it suNces to show that there exists
F ∈ EndM which agrees with  on F , for then, completeness of EndM will produce
an endomorphism of M agreeing with  on T . By the descending chain condition
on submodules of F , and since $ is a limit ordinal, we may choose ¡$ such that
F∩p$T=F∩pT . The natural map (F+p$T )=p$T → (F+pT )=pT is an isomorphism
which is height-preserving relative to T=p$T and T=pT , respectively. The same is true
of its inverse. But + ! ≤ $ ≤ , hence if we identify T with an isotype submodule
of S by the hypothesis of the theorem, then T=pT is isotype in S=pS, the latter
being totally projective. Thus, the inverse map on the %nitely generated submodule
(F+pT )=pT may be extended to a homomorphism S=pS → T=p$T . We have natural
maps T → T=pT → S=pS, and  induces a map T=p$T → T since (p$T ) = 0. By
composing all these maps appropriately, we obtain F :T → T such that F(pT ) = 0
and F agrees with  on F . By induction, we may assume F ∈ EndM , thus Theorem 3
is proved.
4. Some examples
To investigate the signi%cance of the Ulm submodule M 1 in Theorem 2, we de%ne
a special type of endomorphism. Let P be a module with torsion submodule T . We
say that  ∈ EndP is small modulo T 1 if the induced endomorphism of T=T 1 is a
small endomorphism. It will also be useful to have a notation for p-height. If x ∈ P,
let |x|= |x|P denote the height of x in P. We %rst prove two lemmas.
Lemma 5. Let P have torsion submodule T and let  ∈ EndP be small modulo T 1.
(1) (P1)⊆P2:
(2) If x ∈ P is an element whose height sequence contains only 5nite ordinals and
has unbounded jumps; then the height sequence of (x) cannot be equivalent to
that of x.
Proof. (1) Let x ∈ P1 and n ≥ 1. There exists m such that the induced endomorphism
of T=T 1 annihilates (pm(T=T 1))[pn]. For every k ≥ 0, choose xk ∈ P with x=pn+m+kxk ,
and put tk = pmx0 − pm+kxk . Then pntk = 0 and |tk | ≥ m, therefore (tk) ∈ T 1. Since
k is arbitrary, (pmx0) ∈ P1. But x = pn+mx0, therefore (x) = pn(pmx0). Since n is
arbitrary, (x) ∈ P2.
(2) Suppose that (x) has a height sequence equivalent to that of x. Passing to
P=T 1, such height sequences are unchanged, thus we may assume that  gives a small
endomorphism of T . Replacing x by a multiple, we may assume that there exists k
such that |pk+mx|= |(pmx)| for every m ≥ 0. From the assumption on , there exists
h such that ((pkT )[pk+1]) = 0. Since the jumps are unbounded, there exists m such
that |pmx| ≥ h and there is a jump at pm+k+1x such that |pm+k+1x| ≥ |pm+kx|+ k +2.
There exists y ∈ P such that pk+1y=pm+k+1x and |y| ≥ |pm+kx|+1. Then pmx−y ∈
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(phT )[pk+1], therefore (y) = (pmx). Hence |pk+mx| = |(pmx)| = |(y)| ≥ |y| ≥
|pm+kx|+ 1, a contradiction.
In the following lemma, we consider a reduced torsion module T and two pure
submodules of T •; M and N , which contain T . Endomorphisms of M or N may be
regarded as endomorphisms of T • leaving M or N invariant, respectively. If P is a
submodule of T •, we shall denote the puri%cation of P in T • by P?. De%ne I = { ∈
EndT • | is small modulo T 1}; IM = I ∩ { |(M)⊆(M 2)?}, and similarly for IN .
Lemma 6. Assume that M and N are nontorsion modules as above; T has 5nite Ulm
length; M 2 =N 2; EndM ⊆R+ IM ; EndN ⊆R+ IN ; and that there exists a submodule
C ⊆T • such that M +C =N +C; where (C) = 0 for every  ∈ I . Then EndM and
EndN are topologically equal. Moreover; if EndT •=R+ I and M 1+T •2 = N 1+T •2;
then M and N are not isomorphic.
Proof. By symmetry, it suNces to show that EndM ⊆EndN and that the inclusion
is continuous. Let  ∈ EndM . Then  = r +  (r ∈ R;  ∈ IM ). We must show that
(N )⊆N . But N ⊆M + C implies (N )⊆ (M) + (C)⊆(M 2)? = (N 2)?⊆N , thus
EndM ⊆EndN . To show continuity, let x ∈ N . Then x=y+c(y ∈ M; c ∈ C). Choose
y0 ∈ M torsion-free. It suNces to show that if  ∈ EndM and (y) = (y0) = 0, then
(x)=0. As above, = r+, hence 0=(y0)= ry0 +(y0) implies that (y0)=−ry0.
But Lemma 5 gives (T •1)⊆T •2, thus (T •k)⊆T •(k+1) for k ≥ 1. The %nite Ulm
length of T plus (y0) ∈ (M 2)? imply there exists k such that (−r)ky0 = k(y0) ∈ T .
We conclude that r = 0. Consequently,  =  and (x) = (y) + (c) = (c) = 0, as
desired.
For the statement on nonisomorphism, if M and N are isomorphic, then there is an
isomorphism M → N which is a restriction of  ∈ EndT •. Putting = r+ as above,
we have N 1 = (M 1)⊆M 1 + (M 1)⊆M 1 + T •2 by Lemma 5. By symmetry, we have
M 1 + T •2 = N 1 + T •2, a contradiction.
To show that the condition on M 1 in Theorem 2(3) is not arti%cial, we shall limit
ourselves to the case that the torsion of M 1 is separable.
Proposition 1. Assume that R is complete. Let A be a reduced module with T (A)1=0;
and such that A is not the direct sum of a bounded module and a torsion-free module
of 5nite rank. Then there exists a reduced module M with M 1 ∼= A such that M does
not satisfy a topological isomorphism theorem.
Proof. (1) We know that A•=T (A)•⊕H , where H is torsion-free complete. By [3,6]
and existence of modules with prescribed Ulm series, we may choose a torsion module
T such that T 1 ∼= T (A); End(T=T 1) = R ⊕ Small(T=T 1) (where Small(T=T 1) denotes
small endomorphisms), and the rank of (T=T 1)=(T=T 1) is at least the p-rank of H .
Then T •1 = T 1• ⊕H ′, where H ′ is torsion-free complete of p-rank at least that of H .
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We may identify T (A)• with T 1•, and H with a direct summand of H ′. Using the
embedding of A in A•, we can now regard A as embedded in T •1 as a pure submodule
containing T 1.
(2) We shall %rst assume that A is nontorsion. We shall %nd a pure nontorsion
submodule B of T •1, a submodule C of T •, and shall take M and N to be the
puri%cations of A and B in T •, respectively. It will suNce to be able to apply Lemma
6. We claim it is suNcient that A1 =B1; M +C=N +C; (C)=0 for every  ∈ EndT •
which is small modulo T 1, and A + T •2 = B + T •2. Since A and B are pure in T •1,
M 1 =A and N 1 =B, thus M 2 =N 2 and M 1 +T •2 = N 1 +T •2. Clearly, EndT •=R+ I ,
and if  ∈ EndM is small modulo T 1, then (A) = (M 1)⊆M 2 by Lemma 5, hence
(M)⊆(M 2)?. Consequently, EndM ⊆R+ IM , with a similiar result for N . The claim
is shown, so now we must produce B and C, assuming A is nontorsion.
(3) Suppose that T 1 is bounded. Then T •1=T 1⊕H ′ and A=T 1⊕H1, where H1 has
in%nite rank (by our hypothesis on A). We may choose B to be a proper pure dense
submodule of A containing T 1 and take C = A. Then T •2 = 0, hence the conditions of
(2) are seen to be met except possibly M + C = N + C. But, this follows since A=B
is divisible.
(4) Continuing with A nontorsion, we now suppose that T 1 is unbounded. Referring
to (1), we see that A + T 1• = T 1• ⊕ H1 for some torsion-free H1. We claim that
A+T 1• is pure in T •1. Since A•=A is torsion-free, it suNces to show that (A+T 1•)=A
is divisible. It is isomorphic to T 1•=(A ∩ T 1•), which is a quotient of T 1•=T 1, hence
divisible, showing the claim. We recall (see 56.6 in [8]) the short exact sequence
0 → T •2 → T 1• → T̂ 1 → 0. We can project A to T 1• modulo H1 and take the image
in T̂ 1. Since T 1 is unbounded, we can choose z ∈ T 1• whose image is torsion-free in
T̂ 1 and does not generate the image of A there. Let W be the puri%cation of A1 + 〈z〉
in T 1•, and put B=W ⊕H1. Then B is a pure nontorsion submodule of T •1 such that
B1 = A1 since torsion-free elements of 〈z〉 have %nite height in T 1•. By the way z is
chosen, we see that A+T •2 = B+T •2. To conclude this case, we put C=T 1•. If  is
small modulo T 1, then (T 1)⊆T 2 =0, hence (C)=0. It is clear that B+C=A+C.
Since C=T 1 is divisible, we obtain M + C = N + C, thus (2) applies.
(5) We now assume that A is torsion, hence T 1 ∼= A is unbounded. In this case,
we construct M and N and appeal directly to the %rst part of Lemma 6. Since T=T 1
is unbounded, we may choose a torsion-free element x ∈ T • whose height sequence
contains only %nite ordinals and has unbounded jumps. Also, choose a torsion-free
element z ∈ T 1•. De%ne M and N to be the respective puri%cations in T • of 〈x〉
and 〈x + z〉, and de%ne C to be the puri%cation in T 1• of 〈z〉. Then M and N have
torsion-free rank one and the height sequence of x + z is the same as that of x since
z ∈ T •1. Clearly, M 1=N 1=T 1, thus M 2=N 2=0. Since T 1•=T 1 is divisible, M+C and
N+C are the respective puri%cations in T • of 〈x; z〉 and 〈x+z; z〉, thus M+C=N+C.
If  is small modulo T 1, then (T 1•)=0, hence (C)=0. If  ∈ EndM with =r+,
then Lemma 5 implies that (x) cannot be a torsion-free element of the rank one M ,
hence (M)⊆T = (M 2)∗. A similar argument holds for N . The %rst part of Lemma 6
now applies, thus EndM and EndN are topologically equal. Suppose there exists an
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isomorphism  :M → N . We may assume that  ∈ EndT •, thus = r+ , where  is
small modulo T 1. But (x) must be torsion since x + z has the same height sequence
as x. Therefore, (M)⊆M , a contradiction.
The second example is the one promised after the statement of Theorem 3.
Proposition 2. Assume that R is complete. There exists a module M of torsion-free
rank one such that EndM is complete in the intrinsic topology; EndM is not iso-
morphic to EndT for any torsion module T; and EndM has a topological outer
automorphism.
Proof. (1) We may choose torsion modules T1 and T2 such that T 1i is an unbounded
direct sum of cyclic modules, End(Ti=T 1i ) = R⊕ Small(Ti=T 1i ), and Hom(Ti=T 1i ; Tj=T 1j )
consists of small homomorphisms for i = j (i; j ∈ {1; 2}). Put T = T1 ⊕ T2 and let #i
be the induced projection T • → T •i (i = 1; 2). Then 1 = #1 + #2 is a decomposition
into orthogonal idempotents and EndT • = R#1 ⊕ R#2 ⊕ I , where I is the ideal of
endomorphisms which are small modulo T 1. Since T 1i is an unbounded direct sum of
cyclics, we may choose torsion-free elements xi ∈ (T 1•i )1 (i=1; 2), and put x=x1 +x2.
Let M be the puri%cation of 〈x〉 in T •. Clearly, R ⊕ I ⊆EndM . If  ∈ EndM , say
 = r1#1 + r2#2 +  ( ∈ I), then (x) = r1x1 + r2x2 since (x) = 0. Then (x) ∈ M if
and only if r1 = r2 consequently EndM = R⊕ I .
(2) Since endomorphisms of M are determined by their restrictions to T , and T is
reduced, it follows that EndM is HausdorA in the intrinsic topology. Let (0) be a
Cauchy net in EndM . By Lemma 4, it may be regarded as a Cauchy net in the %nite
topology on EndT , where it converges. The limit  may be regarded as an element of
EndT •. To show that EndM is complete, we must show that  ∈ EndM . We have
= r1#1 + r2#2 +  (r1; r2 ∈ R;  ∈ I). Let ti ∈ T 1i (i=1; 2). Choose 0 such that 0 and
 agree on t1 and t2. Since 0 ∈ EndM , we have 0 = r0 + 0 (r0 ∈ R; 0 ∈ I). Then
(ti)=0(ti) implies that riti= r0ti (i=1; 2). Letting the orders of the ti be unbounded,
we see that r1 = r2, thus  ∈ EndM , as desired.
(3) To see that EndM cannot be isomorphic to the endomorphism algebra of a
torsion module, if it were, then the torsion module would be isomorphic to T by
the Baer–Kaplansky theorem since M has no summands isomorphic to Q=R or R.
Moreover, the isomorphism of EndM with EndT may be regarded as induced by
restriction, which is not the case here since #i ∈ EndT does not extend.
(4) We may choose a unit u ∈ R; u = 1, and put " = #1 + u#2. Then " is an
automorphism of T •, so we may let  be conjugation by " in EndT •. Then  restricts
to an automorphism of EndM since I is an ideal.
We see that  is not inner by a standard argument. If  were conjugation by
 ∈ EndM , then "−1 would centralize EndM , hence "−1 would be a unit in R. But
then (M)="(M), which is not contained in M since "(x)=x1+ux2 ∈ M . To show that
 is continuous in the %nite topology, let y ∈ M . It suNces to show that there exists
y1 ∈ M such that if  ∈ EndM and (y1) = (x) = 0, then ("−1(y)) = 0. For some
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k ≥ 0 and a ∈ R, we have pky=a(x1 + x2). By the way x2 was chosen, we may write
x2 =pkx3 for some x3 ∈ T 1•. Then pk"−1(y)= a(x1 + u−1x2)=pky+pka(u−1− 1)x3.
Put y1 = "−1(y) − a(u−1 − 1)x3, and note that y1 ∈ M . Let  = r +  ∈ EndM and
suppose that (y1)=(x)=0. Since (x)=0, we have r=0, thus =. But (x3)=0,
hence ("−1(y)) = 0, as desired. By symmetry, −1 will also be continuous.
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